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Abstract 

A symmetry between bosonic coordinates and some Grassmannian-type coordinates is pre- 
sented. Commuting two of these Grassmannian-type variables results in an arbitrary phase 
factor (not just a minus sign). This symmetry is also realised at the level of the field theory. 
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Supersymmetry is a symmetry between bosons and fermions [1,2], where the fermions 
pick up a minus sign (or a phase factor of e^'^) each time two of them commute. The aim 
of this note is to generahse the ideas of supersymmetry. We find a symmetry between 
bosons and Grassmannian-type variables. The Grassmannian-type variables give rise to 
an arbitrary phase factor each time two of them cross each other. We believe that this 
symmetry describes particles with fractional (or exotic) statistics and could be of interest 
in solving problems in solid state physics such as fractional Hall effect [3] and anyon 
superconductivity [4] . The analyses carried out here could also be extended to the theory 
of differential calculus on quantum spaces and quantum groups developed in refs.[5-10]. 

Let us suppose that we have some variables 9i, i — 1, . . . ,d, which satisfy the commu- 
tation relations [9,10,11] 

eiej = qejei , t<j , (i) 

where g is a complex number. We also define differentiation with respect to these variables 
in the following way [11] 



= Si 

The commutation relations between derivatives and variables are given by 

These commutation relations are consistent with the defining commutation relations of the 
variables 6i. Furthermore, the commutation relations among the derivatives are consis- 
tently found to be 

d d d d . . 

, i<J ■ (4) 



A straightforward calculation gives 

-or' ■ (5) 



dOi 1^ 

Notice that if for some positive number r such that — 1 then we have -g^ — It would, 
therefore, be plausible to postulate that [11] 

ei = for g'- = 1 . (6) 
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For r — 2 one has the usual fermionic variables. In what follows we always consider r > 3 
and we take 

q - exp (^) . (7) 
In this theory we still have the usual bosonic coordinates Xfj,, /i — 1, . . . ,n, which satisfy 

Let us now explore the possible transformations on both 9i and x^. The obvious transfor- 
mations in the space specified by 9i would be translations. These we write as 

e[ = e, + ei . (9) 

These transformations must respect the commutation relations satisfied by di. This leads 
to the following commutation relations for 

SiSj — qSjSi for i < j 
= QdjSi for i < j 
OiSj = qSjOi for i < j . (10) 

Furthermore we must also have 6'[ — Q, which yields 

4 = . (11) 
We can construct a symmetry between 9i and Xfj_ by allocating to x^ the transformation 



x„ = x 



+ a^e^' . (12) 



The matrix cr^^ is, for r > 3, diagonal. The new coordinate x'^, however, commutes with 9i 
and Ei only when 

^? = . (13) 

This last equation, obviously, leads to £:[ = for r > 3. 

A superfield $ {x'^, ^j) is a function that is expandable as a Taylor series in the coordi- 
nates 9i [12,13]. For an infinitesimal transformation £j we have 

$ ix'^, e[) = $ (a;^ Oi) + £,g,$ (a;^ 0,) , (14) 

where the supersymmetric charge is given by 

^-I' + ^'T'^ ■ (15) 



The corresponding covariant derivative is found to be given by 



This is a covariant derivative in the sense that 

A + i^^ir-i— = — + . (17) 

The algebra satisfied by the supersymmetric charges is 

QkQi = qQiQk , k<l . (18) 
Similarly, the commutation relations between the covariant derivatives Di are also given 

by 

DkDi = qDiDk , k<l . (19) 

The third commutation relations are between the covariant derivatives and the super- 
symmetric charges Qj. These are found to be 

QkDi = qDiQk , k <l 

QkDi = -DiQk , k>l . (20) 

q 

The powers of the supersymmetric charge are computed using the formula 

as s-1 ap a 

Here the dots stand for terms that vanish for s < r. The coefficients A^^ are given by the 
recursion relations 

4'"^'^ = ^p + S(r - s + p)AW + q'-'+P-^Al^ 

Q<p<s , ^5 = , aJ,^^ = 1 . (22) 



The function S is defined as 



S{x)^-^ . (23) 



Taking q — exp(27ri/r), we find 

dx 



Q:^S{r-l)S{r-2)...S{l)a;^ . (24) 



The general expansion of a superfield $ {x, 0) is given by 

^{x,e) = e'l^ ...eyB^^,„^^{x) , n, = 0,...,r-l . (25) 
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The infinitesimal transformations of the components Bn^,,,n^ are given, for a fixed i, by 

^ei-^n\...,rn-\,ni—l,rn+\...nd » i+ S(ni)EiB^^^^ ,f^^^^ ,i^^ for Tlj ^ T 1 

(9 

X D _ ^(H-ni+l+— +nd)„«V R /'OR') 

"£i-"ni...,rti_i,r-l,rti+i...nd — y OX ' ^ 

The construction of a supersymmetric action follows from the fact that the transformation 
of the component 5^-1,...,^-! is a spacetime divergence. On the other hand this component 
is given by 

Br-i,...,r-i{x) = aDl-\..D[-'mx,0))\0=o 

a = [S{r-l)S{r-2)...S{l)]'' . (27) 

Therefore a supersymmetric action is found by taking the spacetime integral of the com- 
ponent ... r-i- This action is written as 

S ^ - U^xD^f\..Dl-\^x,e))\e=o 

CL J 

= -/d"a;Dr'---^r'W^,^)) (28) 

The second equahty arises because the ^-dependent terms (after the action of the deriva- 
tives) are all surface terms and do not contribute to the integral. 

The applications and implications of this symmetry deserve a thorough exploration. 

Acknowledgements: I would like to thank E. Ahmed for very useful discussions and 
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